Nova Série
B Bol. Soc. Bras. Mat., Vol. 26, N. 2, 161-165

© 1995, Sociedade Brasileira de Matematica
DA SOCIEDADE BRASILEIRA DE MATEMATICA
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Abstract. Given a finite group G and p an odd prime number, we conclude that
OP(G) N G’ is p-nilpotent when for every subgroup H of G of order p there exists a
subgroup K of G such that G = HK and H permutes with every subgroup of K.

Introduction

In Su [6] (also see Wang [7]), the concept of seminormality of a subgroup
is introduced. Equivalently to [6] and [7] we may define: A subgroup
H of a finite grupo G is said to be semi-normal in G if there exists
a subgroup K of G such that HK = G and H permutes with every
subgroup of K. Clearly, every normal subgroup of G is semi-normal.

Also every subgroup of prime index is semi-normal. Our main at-
tention we direct to finite groups in which every minimal subgroup of
odd order is semi-normal.

Gaschiitz and It6 ([3], Kap. IV, Satz 5.7) have shown that if every
minimal subgroup of odd order is normal in G, then G’ is p-nilpotent
for each prime number p > 2, that is, G’ has a normal Sylow-2-subgroup
with nilpotent factor group.

The purpose of this note is the presentation of the following:

Theorem. Let G be a group and p a prime number. Suppose all sub-
groups of order p (all cyclic subgroups of order 2 and 4 if p = 2) are
semi-normal in G. Then OF(G) N G’ is p-nilpotent. In particular, G
is p-solvable of p-length at most one. Here OP(G) denotes the smallest
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normal subgroup of G with p-quotient.

1. Preliminary Results
We prepare the proof of the Theorem.

Lemma 1. Let H be a semi-normal subgroup of a group G. If H < L <
G, then H is semi-normal in L.
For a proof see (Wang, [7]).

Lemma 2. Let G be a group.

(a) Let p be an odd prime number. If every subgroup of order p of G is
in the center of G, then G is p-nilpotent.

(b) If all elements of order 2 and 4 are in the center of G, then G is
2-nilpotent.
For a proof see ({3], Kap. IV, Satz 5.5).

Lemma 3. Let p be a prime number and H < G a quasinormal p-
subgroup of G. Then the group of automorphisms induced by G on
HS/Hg is a p-group.

For a proof see (Maier-Schmid [5]).

If H and K are subgroup of a group G such that every subgroup of
H is permutable with every subgroup of K we say that H and K are
totally permutable.

Lemma 4. Let F be a saturated formation which contains the class of
supersolvable groups. Let G = HK be a group such that H and K
are totally permutable subgroups. If H and K lie in F, then G is an
F-group.

For a proof see (Maier, [4]).

A generalization for an arbitrary number of factors of Maier’s result
is given in Carocca, [1], also see [2].

Remark. Let p be a prime number. The class of all groups G such that
OP(G) N G’ is p-nilpotent, is a saturated formation which contains all
supersolvable groups. See ([3], p. 696, p. 689, Satz 6.3 and p. 716,
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Satz 9.1(b)).

Proof of the theorem

Theorem. Let G be a group and p a prime number. Suppose all sub-
groups of order p (all cyclic subgroups of order 2 and 4 if p = 2) are
semi-normal in G. Then OF(G) NG’ is p-nilpotent. In particular, G is
p-solvable of p-length at most one.

Proof. Let G be a group of smallest order in which the theorem is not
true. Clearly the hypothesis is inherited by subgroups.

Let H denote any one of the subgroups of order p (cyclic subgroups
of order 2 or 4 if p = 2).

For any such H we have some subgroup K < G such that G = HK
and H permutes with every subgroup of K.

CaseI. K = G for all H.
In this case all H are quasinormal p-subgroups of G. By Lemma 3,
G/Cq(HC/Hg) is a p-group.

Sub-Case (i). Let |H| = p. If Hg = 1, then OP(G) < Cg(H) < Ce(H).
If H<IG, then G’ < Cg(HY) = Co(H).

Sub-Case (ii). Let |[H| = 4. Let z € G be of odd order. Since H is
quasinormal in G, one has (H,z) = H x (), so = centralizes H.

Since O*(G) is generated by the clements of odd order of G, also in
this case O%(G) < Cg(H). '

In any case, those of our subgroups H which are in G’ N QP(G) are
central in this subgroup. So G’ N OP(G) is p-nilpotent, by Lemma 2.

Case II. For some H we have K < G.

Let F, denote the formation of all groups G which have G'NOP(G)p-
nilpotent.

By the minimality of |G|, we have K € F,. Also H € F,.

If |[H| = p, then K and H are totally permutable. By Lemma 4, we
have G € F5.

Let |H| = 4. If H and K are not totally permutable, then Y, the
subgroup of order 2 of H is not quasinormal in G. Since Y is semi-
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normal in G, there exists a subgroup L < G such that G = LY and L
and Y are totally permutable. Since Y, L € F,, again G € Fp,.

That G is p-solvable of p-length at most one follows now easily from
the fact that G/G’' N OP(G) is nilpotent.

Corollary. Let G be a group.

(a) If all minimal subgroups of G of odd order are semi-normal in G,
then G* has a normal Sylow-2-subgroup with nilpotent factor group.
(G* denotes the smallest normal subgroup of G with nilpotent factor
group).

(b) If all minimal subgroups and all cyclic subgroups of order 4 of G are
semi-normal, then G is a solvable group of Fitting-length ot most
two.

For the proof of Corollary, we mention that G* = N OP(G) N G.
D
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